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PREDICTION OF TWO-PHASE ANNULAR FLOW 

WITH LIQUID ENTRAINMENT 
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General Electric Company, Atomic Power Equipment Department, San Jose, California 

(Received 28 September 1964 and in revised form 12 August 1965) 

Abstract-An analytical prediction of two-phase annular flow with liquid entrainment is presented. 
The solution is obtained by considering the momentum and mass-transfer components of the inter- 
facial shear and showing that the momentum term is dominant within the liquid film, while the 
mass-transfer term is the important component within the gas core. 

An expression is derived for the interfacial shear in terms of liquid film thickness, and this equation 
is used : 

(a) To correlate the available CISE film thickness data in circular pipes with two-phase flow of 
water or alcohol and argon or nitrogen at various pressures. 

(b) To predict liquid film thickness, liquid film flow rate, and liquid entrainment in the gas core. 
Typical results are presented for steam-water mixtures flowing in circular pipes at high pressure. 

(c) To compare the predicted values of liquid film thickness and flow rate with reported measure- 
ments in upwards, downwards and horizontal flow. 

NOMENCLATURE o, surface tension [dyne/cm]; 
radius of core [cm]; 7, shear stress [dyne/cm2]. 
pipe radius [cm] ; 
diameter [cm]; Subscripts 

mass flow per unit cross-sectional area 
[g/cm2 ~1; 2 

core; 
film ; 

gravitational constant [980 cm/G]; G, gas ; 

mixing length constant, nondimen- L liquid; 

sional; W, wall. 

mixing length for velocity [cm]; Superscripts 
mixing length for momentum [cm]; $-, nondimensionalized as indicated by 
exponent on pressure drop grouping, equations (12) and (13). 
nondimensional; 
pressure [dyne/ems]; INTRODUCTION 

function of density ratio; THE MOST common flow pattern in two-phase 
liquid film thickness [cm]; systems is the annular or liquid film flow pattern. 
mean velocity [cm/s] ; Several analytical solutions of this type of flow 
local velocity in flow direction [cm/s]; pattern have been presented, but the solutions 
fluctuating component of local momen- deal only with the simplified case of a liquid 
turn in flow direction [cm/s] ; film and gas core with a smooth interface and 
fluctuating component of local velocity no liquid entrainment [l-6]. No predictions have 
perpendicular to flow direction [cm/s] ; yet been offered for the more practical case of a 
weight fraction of gas or vapor, wavy liquid-gas interface and substantial liquid 
nondimensional; 
distance measured from wall [cm] ; 

entrainment. It is the purpose of this report to 
deal analytically with the latter, and more 

distance measured along the flow complex, flow geometry. Because the interface 
direction [cm] ; shear and flow structure are expected to be 
local density [g/ems]; intimately related, the mechanisms prevailing 
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at the interface are first examined. The findings 
at the interface are next applied to predict the 
liquid film flow rate, liquid film thickness, and 
liquid entrainment under various flow conditions. 

INTERFACE SHEAR 

In a turbulent flow system where the fluid 
density is not constant, the local shear stress T is 
equal to 17, S] 

7=--_oIcI (1) 

In equation (l), p and u are the mean com- 
ponents of density and velocity in the flow 
direction. while (pu)’ and U’ are the fluctuating 
components of momentuin in the flow direction 
and of velocity in the direction perpendicular to 
it. Since the fluid density is not constant, the 
variation of density with position must be taken 
into account in the definition of the shear stress T. 
It can indeed be shown that the variation of 
density is significant at a gas-liquid interface. 
Let us, for instance, consider two adjacent and 
parallel streams as shown in Fig. 1. One stream is 
made up of a thin film, containing mostly liquid, 
flowing along the channel wall, The second 
stream occupies the central portion of the channel 
and consists of gas laden with liquid particles. 
The velocity and density profiles in the two 
streams are shown schematically in Fig. 1, but 
for the sake of simplification, we shall use the 
mean streams fluid density and velocity; i.e. of. 
pe, Uf and UC. 

Let us next express the local fluctuating com- 
ponents of velocity and momentum in terms of 
their corresponding mixing length I, and I/,,,, or 

. (2) 

The local shear 7 becomes 

The shear stress 7 is made up of two terms: a 
momentum component pMPU(du/du>2, and a 
mass-transfer component 

The existence of both terms has been recognized 
for a long time in single-phase compressible 
flow [7], but the mass-transfer component has 
always been neglected because of the low 
velocity (i.e. negligible compressibility), near the 
channel wall. This assumption is not valid in 
two-phase flow, and its fallacy was first noted in 
reference [S] in a treatment of density variations 
in a two-phase stream. 

The velocity and density gradients on the 
core side of the interface can be approximated* by 

where a is the half width of the stream of 
density pe and b the half channel width. 

The shear stress TV on the core side of the 
interface is 

Equation (5) can be rewritten as follows: 

In most practical systems, pc < pf - pc, and 
since (U, - Uf)/UC s I, the first term in 
equation (5), or the momentum component of 
core shear stress TV, is negligible with respect to 
mass-transfer term. 

Similarly, on the liquid side of the interface 
closest to the channel wall, one can write 

1 j.. P4-- Pf 

Pf 
_ .-. -~ 

* Since ratios of (du/dy) to (dpldy) are subsequently 
used to evaluate the relative importance of the mass- 
transfer and momentum components of shear, the 
straight-line approximations assumed in equation (4) do 
not detract from the answer as long as the velocity and 
density profiles are relatively similar. 
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SCHFMATIC OF FLOW 

1 t_ CORE-+ +LIoum FILM f 
pL 1 -- -- I 
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l--&O 
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+-o--Cl 

FIG. 1. Annular flow with liquid entrainment. 

_LIQUI[! 
FILM 

Here 
PL - Pf 
-4 1, 

Pf 

and the mass-transfer component of shear stress 
is found to be negligible. 

One could have inferred the same results by 
recognizing that, by definition, the liquid film 
has only a small, if not zero, density variation 
across it, and the variation of density across it 
equals zero; so does the mass-transfer component 
of shear stress. On the other hand, a very sharp 
density gradient exists within the core at the 
interface, and the shear mass-transfer term 
becomes the important component on the core 
side of the interface. 

It is interesting to note that the above result 
has not been recognized in previous analytical 
treatment of a two-phase interface. Previous 
theoretical models, dealing with a pure liquid 

film and a pure gaseous core, postulated that 

7f = 7c 

duLs 
7f = pL1: .-- 

dy 

duo2 
7c = p&--- 

dy I 

(7) 

where the subscripts L and G are used to repre- 
sent the liquid and gas. 

In equation (7), the liquid ‘film is treated 
appropriately, which explains why the models 
give approximately correct results for the liquid 
film flow rate and for the two-phase pressure 
drop in terms of the liquid film flow rate [l, 51. 
The solutions, however, do not recognize that 
there exists a sharp density gradient on the gas 
side of the interface and that the mass-transfer 
term is important there. This accounts for the 
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failure of the model to predict the slip ratio in thelaminarandbuffer layerof theliquidfilm,or 
correctly (ratio of mean gas to liquid velocity). 
The solutions also fail grossly when compared to 

U; = ye' y’ < 5 1 

experimental data in their predictions of two- ul! = -3.05 + 5*OOIny! 5 < y t < 301 (13) 

phase pressure drop in terms of gas flow rate The liquid film flow rate per unit area of pipe 
in the core. It can be surmised that improved cross section, Gf, is obtained by integrating 
correlation with experimental results would be equations (11) and (13) : 
obtained by including the mass-transfer com- 
ponent of shear stress. Gf = f PL FCr+L (14) 

DERIVATION OF EQUATIONS 
where 

We shall consider here only the case of vertical F(Y+) = 3~~ + 2.5 Y ‘- kt - 64 
upwards flow in a pipe, but the proposed for y+ > 30 
solution, as pointed out later, can be readily 
extended to horizontal or downwards flow 

F(y+) = 12.5 _ gSo5 y+ + 5y+ ,ny+ 
(15) 

directions. If we neglect the mass-transfer term 
5 < y+ < 30 

within the liquid film, and if we assume that the F(y+) = O*~Y+~ yf < 5 
density within the film is constant and equal to 
pi, we can write If Go and GL are used to represent the total 

gas and liquid flow rates per unit cross-sectional 

(*) 
area of pipe, the gas weight fraction in the core, 
XC, is equal to - 

Let us postulate next, as in single-phase flow, 
that 

x, = &+. 
G L f 

Tf = Tw, I, = Ky (9) If the flow in the core is assumed to be homo- 

where 7w is the wall shear stress and y is the 
geneous, the core average density pc is equal to 

distance measured from the wall. 1 
If the gravitational forces are neglected with ~ = l (1 - XC) + -l;&. (17) 

PC PL 
respect to shear forces, the velocity distribution 
in the turbulent section of the liquid film is given The average film and core velocities UC and Uf 

bv are then 
s 

1 
UL = - 

K J( 1 
fjf lny + constant. (10) 

By taking K and the constant in equation (10) GG b2 1 

to be the same as in single-phase flow, there 
UC = 2, ;i --; J 

results Let us next examine the shear stress on the 

Y &w/PL) PL core side of the interface. By neglecting the 
__-- u$ = d(T5pL) = 2.5 In .---- ccL momentum contribution to shear, we find from 

equation (5) with PL = pf and y+ > 30 
+ 5.5 = 2.5 lny+ + 5.5, (11) 

where PL is the liquid absolute viscosity and y+ (19) 
is, by definition, 

or 

Yf = Y 
z_w PL J( ) pL pz 

We can get similar expressions for the velocity (20) 
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In single-phase flow, the mixing length 1 has 
been found to be exclusively a function of the 
distance y measured from the channel wall. There 
is no reason to suspect a different behavior in 
two-phase flow and equation (20) can be written 
for y+ > 30 as follows at the interface: 

Equation (21) specifies the liquid film thick- 
ness (b - a)* in terms of the interface shear, 
the mean velocities UL and UC, and the densities 
PL and pc. When coupled with the preceding 
equations, equation (21) predicts the behavior of 
two-phase annular flow with liquid entrainment. 
The solutions can be expressed in terms of the 
total pressure drop per unit length (- dp/dz) by 
realizing that 

Tw= [(-2) 9PL(l -$) 

a2 b 
-k!Pcjg j 1 

Tc= [(-2) - ,Pc]q 

(22) 

Equations (12), (14)-(18), (21) and (22) define 
the desired solution. Given the pressure (- dp/dz) 
and the liquid film thickness (b - a), we can 
solve the above equations for the function 

Once the universality of this function is estab- 
lished, we can use it to calculate the liquid film 
thickness, liquid film flow rate, and liquid 
entrainment for any given flow system where 
the pressure (-dp/dz) can be calculated or 
measured. Before considering such solutions, it 
should be recognized that the above equations 
include two simplifications : 

* The liquid film thickness is expected to vary with 
time and position in a two-phase steam. The symbol 
(f~ - a) represents an equivalent mean film thickness 
averaged over time and position. 

(1) 

(2) 

The core flow was assumed to be homo- 
geneous while in reality the gas is expected 
to slip with respect to the liquid particles 
contained in the core. The occurrence of 
slip has been noted by CISE [9]. Previous 
analyses [lo, 1 l] have shown that the slip 
ratio or the ratio of mean gas to liquid 
velocity depends mostly upon the density 
fraction p~/p~. To approximately account 
for slip in this model, the left-hand side of 
equation (21) was multiplied by a function 
R of the density grouping (p.L/pG). The 
function R is shown in Fig. 2 and can be 
approximated by (pL/pG)“3 for 

1 < PL/PG < 200. 

In a previous report [6] it was shown that 
there exist two types of upwards annular 
flow with liquid entrainment. When the 
pressure drop (-d_o/dz) is greater than 
gpL, the liquid film can dissipate more 
shear along the channel wall than it 
receives across the interface, and the 
interface waves are inferred to be small in 
amplitude. On the other hand, when 
(- dp/dz) is smaller than gpL, more shear 
is transmitted to the liquid than it can 
dissipate along the channel wall, and the 
interface waves are suspected to be large. 
Under the latter circumstances, the mixing 
length at the interface can be expected to 
be larger and this increase is assumed here 
to vary in proportion to the grouping 

t?PL n _____. 

[ 1 (-G-+W * 

The exponent n is subsequently shown to 
be equal to Q. With these two semi- 
empirical corrections, we are now ready 
to consider the universality of the function 

CORRELATION OF AVAILABLE CISE FJLM DATA 
IN TERMS OF DERIVED EQUATIONS 

According to the previous section, one can write 
that 
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20 40 70 iw 200 4w 
DENSITY RATIO, PL/PG 

FIG. 2. Function R of the density ratio p~/p~. 

’ (23) 

for - $ < gpr, 
( 1 

Equations (23) can be combined with equa- 
tions (12). (14)-(18) and (22) to determine the 
function 

, 

Data obtained at CISE in circular pipes [9,12, 131 
were used to calculate the function I;‘. T‘he 
method of calculation uses the measured values 
of pressure drop (-dp/dz) and liquid film 
thickness (b - a), and solves for the function 

F’. The calculations were run through a com- 
puter and the results are shown in Figs. 3-6. 

Figure 3 is a plot of the function F’ for water- 
argon flow in a fixed tube size (2.5 cm), at a 
fixed set of density values (pi = 1-O g/cm3 and 
f3G = 36-l x 10-s g/ems), and for (-dp/dz) 
greater than gpL. Figure 3 demonstrates the 
ability of equations (23) to bring together data 
taken at various argon and liquid flow rates. 
Very good correlation is obtained, and this 
correlation does not depend upon the correction 
factors. 

and 

introduced into equations (23). The validity of 
these factors is, however, established in Figs. 4 
and 5, where data obtained in the same tube are 
plotted for various argon densities and for 
(-dp/dz) 5 pLg. Good agreement with the 
mean curve of Fig. 3 is obtained for n = 4 and 
for the function R shown in Fig. 2. 

The ability of the factor F’ to describe flow in 
a different pipe size or flow of a different fluid 
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FIG. 4. Determination of function F’ from CISE data for (-d&b) r; &pr,. 
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FIG. 6. Determination of function F’ from CISE data with water and alcohol in l-5 cm tube, 
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(alcohol) with a much lower surface tension is 
illustrated in Fig. 6 for pressure drops above 
and below gpL. The spread in experimental data 
is slightly larger than in Figs. 3-5, but good agree- 
ment with the mean curve of Fig. 3 is again 
noted, except for large film thicknesses. When 
the film thickness exceeds 10 per cent of the pipe 
radius, the data for the 1.5 cm pipe tend to fall 
slightly below the curve of Fig. 3. The overall 
ability of equations (23) to correlate the CISE 
data is still very satisfactory when it is realized 
that measurements of two-phase pressure drop 
and liquid film thicknesses are expected to 
exhibit some inherent scatter. 

Another method of evaluating the accuracy of 
equations (23) consists of applying the function 
F’ as determined from Figs. 3-5 to calculate 
liquid film thicknesses. Before describing such 
computations, the basic equation will first be 
simplified to reduce the complexity of the 
calculations. 

SIMPLIFIED EQUATIONS 
Assume that the liquid film thickness is small 

so that (u/b) = 1. Postulate next that the gas 
density is much smaller than the liquid density 

It can then be shown that the following approxi- 
mations are possible : 

1 
-= 
PC PG 

pL $ pc; -dp ( 1 ;;- 9 gpc; u, > uL. (24) 

The interface shear 7c is equal to 

(25) 

and equations (23) become 

J( --71 

(26) 

where n = 0 for (-dpldz) 2 gpL and n = i for 
(-dpldz) s gpL. 

Equation (26) is a considerable improvement 
over equations (23) because it directly gives the 
liquid film thickness in terms of the pressure 
drop (- dp/dz). It no longer requires, as equa- 
tions (23) do, reiterations of the liquid film flow 
rate to obtain the film thickness. 

The validity of the simplified equation (26) is 
shown in Figs. 7-9. Figure 7 is a plot of a large 
portion of the CISE data obtained with water 
and alcohol in 2.5 and 1.5 cm tubes for an argon 
density of 36.1 x 1O-3 g/cm3 and (-dp/dz) 
> gpL. Very good correlation of the data is 
obtained, and the mean line shown in Fig. 7 is 
only slightly different from the mean line plotted 
in Figs. 3-6. Ability to correlate data for 
(- dp/dz) < gpL and for lower gas densities is 
clearly illustrated in Figs. 8 and 9. In fact, it 
appears that the approximate equations are 
just as good as the more exact relations. This 
justifies their exclusive use in the following 
sections. 

APPLICATION OF SIMPLIFIED EQUATIONS 
TO PREDICT ANNULAR PLOW WITH 
ENTRAINMENT IN CIECULAlZ PIPES 

For a given pipe size and for a specified set of 
liquid and gas flow rates and properties, the 
calculations proceed as follows. First the 
pressure drop (-dp/dz) is computed by one of 
the many methods available in the literature 
[9, 14, 151. The liquid film thickness is next 
obtained from equation (26) and the mean curve 
shown in Figs. 7-9. The liquid film flow rate is 
then calculated from equations (14) and (15), 
with the wall shear stress 7w determined from the 
simplified equation 

~w = [( -dpldz) - gpL(1 - a2/b2)1 b/2. (27) 

The liquid entrainment in the gas core is finally 
deduced by subtracting the liquid film flow rate 
from the total liquid flow. 

This calculation method was first applied to 
two test runs reported by CISE [9]; the predicted 
liquid film thicknesses are shown in Fig. 10 
together with the measured data. The total 
pressure drop (- dp/dz) used in the calculations 
was obtained from the following correlation 
proposed by CISE [9,12]. 
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PG = 36.1 X lo3 g/Cm3 

8 
GAS WEIGHT FRACTION, x 

FIG. 10. Prediction liquid offilm thickness in circular pipe. 

- dP The comparison between measurements and 
~~ 

i 1 dz predictions is very good, as might be expected. 
Furthermore, the calculations and the experi- 

[I( 

CL 1 GG 1 
= g 

_ ~~_ 
CL + GG pi+ CL + GG 

mental measurements show that for a constant _._ 
PG 11 

I 
gas flow rate the liquid film thickness decreases 

0.43 ’ a 0.4 
as the liquid flow decreases. Also, for the same 

__ ~- 
+ (fib) t 1 1’2 73 

(28) gas weight fraction, the liquid film thickness is 
smaller at the higher gas flow rate. Furthermore, 

[ 
(GL + (32 GL- -~ ' 

c 

i one finds that the liquid film thickness decreases 

GL -+- Cc PL 
as the surface tension or gas density is reduced. 
More generally, it can be observed that at a fixed 

Go 1 11 
0.75 

J 

gas flow rate, a large pressure gradient means a 

•I- GL_t Go pG high liquid film thickness. 
Another set of calculations was performed for 

In equation (28), all units are in the cgs upwards flow of steam-water mixtures at 
system, and a is the surface tension. 70.3 kg/cm2 (1000 psia) in a smooth 1.25 cm 
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(0.5 inch) pipe. Total flow rates of 68 and 
136 g/s cm2 (corresponding to O-5 and 
l-0 x 10s lb/h ft2) were used in the calculations. 
The pressure drop (- dp/dz) was estimated from 
the Martinelli-Nelson [ 151 correlations. The 
results are shown in Fig. 11. It is seen that, 
according to the proposed model, the liquid 
film thickness decreases with increased steam 
quality and total flow rate. The percentage of 
liquid flowing in the film is also observed to 
decrease with increased steam quality and total 
flow rate. While the trends predicted by the 
analysis appear physically correct, there are, 
unfortunately, no experimental data which can 
confirm them. Particularly worthy of note is the 
fact that the present model predicts that more 

and more liquid is entrained from the film as the 
steam quality is increased. This lends credence 
to the recent arguments of Grace [16] that liquid 
entrainment from the film, rather than de- 
position, may be the controlling mechanism in 
two-phase annular flow with heat addition. 
Two other interesting comments can be made 
about the analytical model: 

1. There exists today one other theoretical 
analysis of liquid film thickness in two- 
phase flow. Tippets [17] considered the 
stability of the interface and found that the 
film thickness was given by 

tbL/PG) + 11 
@ - uhu cc [I + d(pL/pG)]" (29) 

0 04 0.2 0.3 0.4 0.5 0.6 0.7 0.8 
STEAM QUALITY, WEIGHT FRACTION 

0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 
STEAMQUALITY. WEIGHT FRACTION 

FIG. 11. Prediction of two-phase annular steam-water flow with liquid entrainment in a 1.25 cm tube at 70 kg/cmz. 
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2. 

Equation (29) was applied to the CISE data, 
and the test results could not be correlated 
when the measured values of (b - a) and 
7w were substituted in equation (29). 
Equation (29), in fact predicts the opposite 
trend from the measured one as the pressure 
drop increases. It is possible that the 
difficulty with equation (29) stems from the 
fact that Tippets neglected the mass-transfer 
component of shear and used equations (7) 
to describe the conditions at the interface. 
The proposed model can be extended to 
more complex geometries. A tentative pre- 
diction of upwards two-phase annular flow 
with liquid entrainment in an annular 
geometry is, for instance, given in reference 
Vgl. 

COMPARISON OF PROPOSED MODEL TO 

OTHER AVAILABLE mST DATA 

Before applying the proposed model to other 
available test data, it is important to reiterate 
two of its shortcomings. First, the model is only 

valid in the turbulent core, i.e. y+ > 30. For 
y-k < 30, additional effects than those treated 
come into play, and the suggested relationship 
between film thickness and pressure drop does 
not apply. One can surmise that in the Iaminar 
and buffer layers, liquid will not be entrained 
as easily; and the liquid film thickness will 
decrease much more slowly with pressure drop. 
Second, when the proposed model is used to 
predict a liquid film thickness, one must check 
that the predicted liquid film rate does not exceed 
the total available liquid flow; if it does, the 
liquid film flow rate should be taken equal to the 
total liquid ftow and the corresponding film 
thickness backcalculated. Once these limitations 
are recognized, the model can be applied to 
reported experimental data of two-phase annular 
flow in the upwards, downwards, and horizontal 
directions. 

Test results have been reported by Gill and 
Hewitt [I91 for air-water mixtures near atmos- 
pheric pressure. By utilizing the reported 

I I I I I I 
GILL-HEWITTANNULARINJECTOR DATA 
_ ;; lb/h AIRFLOW / 1 1 1 

2ou klo 700 1000 2000 4ocnl 
~EASUREO FILM FLOWRATE. lb/h 

FIG. 12. Comparison of proposed model with test data in upwards vertical flow. 
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nonaccelerational pressure drop, it is possible to 
calculate the liquid film thickness and the liquid 
film flow rate for values of y+ in excess of 30. The 
results obtained for the liquid film flow rate with 
an annular slot injector with the simplified 
equation (26) are compared to the measured 
values in Fig. 12. It is observed that the pre- 
dictions compare satisfactorily with the test data 
at high gas flow rates. At the lower gas flow rates 
and especially at high liquid rates, the model 
tends to overpredict the film flow rates. This 
comes about because the simplified equations 
neglect hydrostatic losses and thus overestimate 
the liquid film thickness. At the lower gas flow 
rates, the pressure drop is small. The head losses 
become more and more important, and the use 
of the more exact equations is recommended to 
obtain better agreement. Examination of Fig. 12 
also shows that the model tends to underpredict 
the film flow rates at low liquid rates. These 
points correspond to values of y+ very close to 
30. As previously noted, if the present model 
were to be applied at yf less than 30, it would 
predict much lower film thicknesses than 
measured. A similar trend has been noted when 
comparing CISE and Harwell film thicknesses 
1191. The Harwell film thicknesses at reduced 
liquid flow rates were found to be much larger 
than would be predicted by the empirical 
correlation of USE results. It was felt originally 
that such a deviation was due to the different 
methods employed in measuring the liquid film 
thickness. This possibility has since been dis- 
proved [20]. A more plausible explanation of the 
difference between CISE and Harwell data 
follows the line proposed above. Practically all 
the CISE film thicknesses fall in the region of 
y+ > 30. At reduced liquid flow rates, the Har- 
well film thicknesses can be shown to give 
values of yf < 30. In the laminar and buffer 
layers, the liquid film thickness decreases much 
more slowly and the Harwell data should fall 
well above the CISE correlation which is based 
upon film thicknesses in the turbulent core. 

A similar degree of agreement was obtained 
between predictions and measurements for the 
Gill-Hewitt results with a multijet injector, as 
shown for a typical case in Fig. 12. As the 
entrance conditions are changed, the pressure 
drop varies and equation (26) still applies. 

H.M.-N 

Downward verticalflow 
Mean liquid film thicknesses in downwards 

vertical flow have been reported by Chien and 
Ibele [21] for air-water mixtures near atmos- 
pheric pressure. Application of equation (26) 
with IZ = 0 together with the measured values of 
interfacial shear stress gives the predictions 
shown in Fig. 13 for superficial gas velocities of 
300, 150, 100 and 50 ftjs. Good agreement is 
obtained at the higher gas velocities. At 50 ft/s, 
the agreement is not as good. Here again, the 
head losses cannot be neglected; and if the more 
exact equations and the measured values of 
static pressure gradient had been used, the 
comparison between tests and predictions would 
be improved. A straight line corresponding to 
yf = 30 has been drawn in Fig. 13. It clearly 
shows the tendency of the measured film thick- 
nesses to level off at yf < 30, while equation (26) 
continues to show a rapid decrease in liquid film 
thickness. 

Horizontal flow 
By setting n equal to zero and neglecting all 

other gravitational effects, equation (26) be- 
comes appli~ble to horizontal flow. Some cau- 
tion is, however, necessary before utilizing it. 
McManus 1221 has measured liquid film thick- 
nesses in horizontal flow and found a substantial 
variation of the liquid film size around the 
circumference. The proposed model does not 
allow for asymmetry in the flow distribution and 
should only be applied to those cases where the 
circumferential variations are small, i.e. small 
tube diameters and high pressure gradients. A 
typical comparison of the model with the data 
obtained by Wicks and Dukler [23] in a 
1 inch tube is shown in Fig. 14 for y+ > 30. 
The measured entrained flows were used to 
calculate the film thickness and the reported 
pressure drops to determine the function F’. The 
experimental points of F’ versus liquid film 
thickness were then plotted in Fig. 14 together 
with the suggested curve of Figs. 8 and 9. The 
agreement is acceptable, with the test results 
tending to be slightly high. Good agreement was 
also obtained with the mean film thickness 
values of McManus in a 1 inch pipe at high 
pressure drops; but the comparison was poor 
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for the 2 inch pipe where the pressure drop was 
low and considerable asymmetry existed. 

Ex~na~on of Figs. 11-13 shows that the 
proposed simplified model gives an approximate, 
yet acceptable, prediction of two-phase annular 
flow. The comparison must, however, be limited 
to the conditions where the model is applicable, 
i.e. y+ > 30, symmetrical flow conditions, and 
not excessively high head losses. 

CONCLUSIONS 

(I) An analytical description is offered for 
two-phase annular flow with liquid en- 
trainment. The model compares satis- 
factorily With most of the available 
experimental data. 

(2) Additional analysis and experimental data 
are needed to further check and improve 
the analytical model. 
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Resume-On presente ici une theorie mathematique de l%coulement annulaire diphasique avec 
entrainement de liquide. La solution est obtenue en considerant les composantes du cisaillement 
interfacial dt3 a la quantite de mouvement et du transport de masse et en montrant que le terme de 
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quantite de mouvement est pr~domin~t a l’interieur du film liyuide, tandis que le terme de transport 
de masse est le plus important B I’interieur du noyau gazeux. 

Une expression est obtenue pour le cisaillement interfacial en fonction de l’ipaisseur du film liquide, 
et I’on emploie cette equation: 

(a) Pour correler les don&es de la CISE sur l’dpaisseur du film dans des tuyaux circulaires avec un 
~coulement diph~ique d’eau ou d’alcool et d’argon ou d’azote it differentes pressions. 

(b) Pour predire l’tpaisseur et le debit du film de liquide, et l’entralnement de liquide dans le noyau 
gazeux. Des resultats typiques sont present&s pour des melanges d’eau et de vapeur s’ecoulant dans 
des tuyaux circulaires zi pression Clevee. 

(c) Pour comparer ies valeurs prevues de l’epaisseur du film et du debir avec les mesures publiies 
pour les ecoulements ascendants, descendants et horizontaux. 

Zusammenfassung-Eine analytische Behandlung einer Zweiphasenstromung mit einem von Flus- 
sigkeitstropfchen erftillten Gasraum wird gegeben. Die LGsung ehrllt man durch eine Untersuchung 
der Impuls- und Stofftransportkomponenten des Tren~~chenschubs indem man zeigt, dass der Impuls- 
transport im Fl~ss~gkeits~lm ~timmend ist, wahrend der Sto~transport die wichtige Komponente 
ftir den Gasraum darstellt. Unter Bentitzung der Fliissigkeitsfilmdicke ist ein Ausdruck fur den 
Trennfllchenschub abgeleitet; er wird verwendet um: 

(a) die verftgbaren Daten der CISE Filmdicke in Rohren mit Kreisquerschnitt und Zweiphasen- 
stromung von Wasser oder Alkohol mit Argon oder Stickstoff bei verschiedenen Driicken zu 
korrelieren, 

(b) die Filmdicke dec Fliissigkeit, ihre Stromungsgeschwindigkeit und die Fliissigkeitsladung des 
Gasraumes zu bestimmen. Typische Ergebnisse werden fur Dampf-Wassergemische angegeben, 
die unter hohem Druck in Rohren mit Kreisquerschnitt stromen, 

(c) die ermittelten Werte der Filmdicke der Fliissigkeit und die Geschwindigkeit mit angcgebenen 
Messwerten fur AufwBrts-, Abwkts- und Horizontalstr~mung zu vergleichen. 


